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ABSTRACT 

IV 

Although the use of Frobenius Series in finding solutions of a 
homogeneous linear merentia1 equation with weak singular points is 
well known, the extension of this method to systems of such equations 
is not ordinarily discussed in texts written in English. 

This Report is written primarily for expository purposes. The method 
is first illustrated with an elementary example, then applied to a specific 
problem which arose in connection with another study. 

The importance of obtaining the complete solution is discussed. 
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1. INTRODUCTION 

The homogeneous linear differential equation 

(1) 
is said to have a weak singular point at x = 0 providing 
the ratios 

are representable in the neighborhood of x = 0 as 

(3) 

where all the series 

converge in the neighborhood of x = 0. 

A well known approach to the problem of finding a 
solution to Eq. 1 in the neighborhood of x = 0 is to try 
the Frobenius Series 

m 
y = 2 q d + r  c0#O (5) 

The use of Frobenius Series in the case of a homogen- 
eous linear system of differential equations with a weak 
singular point at x = 0 does not appear to be as well 
known. 

j = o  

Consider the homogeneous linear system 

where the f p , q  ( x )  are representable in the neighborhood 
of x = O b y  

00 

f p , q ( 4  = z a$)q* (7) 
k=O 

and where not all the ugh have the value zero. The solu- 
tion of this problem is discussed by M e . '  

The generalization of Eq. 5 is to assume 
m 

j = o  
y P = P  CP,jXj p = l , 2 ,  - . * ,n (8) 

where not all the C , ,  vanish at the same time. The use 
of this method is illustrated by the elementary example 
of Section 11. 

A standard approach to solving a homogeneous linear 
system of differential equations of higher order is to 
transform this system to one of differential equations 
of the first order and then solve the latter system. How- 
ever, in fact, it may be simpler to approach the system 
of higher order equations directly. 

Section 111 treats a specific problem which the author 
encountered in connection with another study. This pmb- 
lem involves solution of a homogeneous linear system of 
three second-order differential equations with a weak 
singular point at the origin. The author found the system 
of second-order equations simpler to work with than the 
corresponding linear system of first-order equations. 

This Report has been written primarily for expository 
purposes. It was prompted largely by the fact that the 
subject matter is not ordinarily discussed in texts written 
in English. 

'JCamke, E., w- ngen LosungmrethodGn wd Lasun- 
gen, Band I, "Gewohdich D i f F ~ u n g e m , "  3 Adage, 
Chelsea Publishing Company, New York, 1948. 
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II. AN ELEMENTARY EXAMPLE 

Consider the system of equations 

dy /dx  = (a/x) y + (b / x )  z 
d z /dx  = ( d / x )  z (9) 

a b d f O ,  a # d  (10) 

where 

The general solution to Eqs. 9 can be found by using 
the formula for first-order, first-degree, linear differential 
equations. This solution is given by 

z = c,zd (11) 
where C, and C ,  are arbitrary constants. 

To amve at the general solution using the Frobenius 
series approach, assume 

m 

y = X r  3 &2? 
k=O 

m 

k = o  
Z = X" ,E Bk2? 

where not both A, and Bo vanish. 

Substituting from Eqs. 12 into Eqs. 9 gives 

2 [ ( r  + k - a)& - bBk] Xr+' = 0 
k=O 

5 [(f + k - d )  Bk] x " + ~  = 0 (13) 
k = O  

Hence 

( r  - a ) A ,  - bBo = 0 

(r - d )  Bo = 0 (14) 
and, since not both A, and Bo can vanish, 

I ( r ;  a) (f:;) I = 0 

Because of the assumptions of Eqs. 10, Eq. 15 has two 
distinct roots, 

rl = a, r2 = d (16) 
First consider the root r,  = a. Equations 13 become 

5 [ k A p  - b B p ]  P + k  = 0 

5 [ ( k  + a - d) Bil)] = 0 

k = O  

k=O 

2 

Hence 
- b B v ) = O  

(a - d )  B g )  = 0 

and 

By' = o  
A?) # O  

Further, for k = 1,2, * * 

kAc) - b B c )  = 0 

( k + a - d ) B g "  = O  (19) 

(20) 

while, if d - a is a positive integer M, B(&) is arbitrary and 
AG) = ( b B g ) / M )  

Thus, if d - a is not a positive integer, 

AF) = Bg') = 0 

A?) = B ( l )  k = 0 f o r k Z M  (21) 
Thus, the root r1 = a gives the following solution 

y ,  = A?)X? 

z, = 0 

if d - a is not a positive integer, and gives the solution 

y, = A F ) f l +  (b  BC)/M)X?+'" 

2, = Q )  f l+r  (23) 

if d - a is a positive integer M. 

Next, consider the root r2 = d.  Equations 13 become 
m 

k=O 
[(k + d - a) Ai') - b B i z ) ]  l P + k  = 0 

and 

Further, for k = 1,2, * * * 
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r(r - 1) - alr - e, 

- a,r - e, 

- a,r - e3 

- b1r - g1 
r(r - 1) - b,r - g ,  

- b3r - g3 

- c,r - i, 

- czr - i, 
r (r - 1) - c,r - i, 

111. APPLICATION TO A SYSTEM OF THREE SECOND-ORDER EQUATIONS 

= O  (43) 

In connection with another study, the author encoun- 
tered a homogeneous linear system of six first-order 
Merential equations with a weak singular point at the 
origin. This system had been derived from a homogeneous 
linear system of three second-order equations. Although 
the derived equations were simpler to handle numeri- 
cally when not in the neighborhood of the origin, the 
necessity for investigating the behavior of the solutions 
in that neighborhood suggested looking at Frobenius 
series solutions. Working with the original system proved 
simpler than treating the derived system. 

The original system can be considered as a special case 
of the following: 

where i = 1,2,3. 

Assuming 
m 

Y l  = xc I: A# 
k = o  

where A,,, Bo, and Co do not all vanish, substitution of 
expressions of Eqs. 38 into Eqs. 37 gives, if one defines 

(39) A, = A, = B-, = B-, = C-, = C-, = 0 

the following three equations, for k = 0,1,2, . . 

In particular, for k = 0, the requirement that A,,, Bo, 
and C, do not all vanish leads to the result that r must 
be a solution of the equation (38) 

For the specific problem encountered, 

a , =  -2  

b, = (-) x + 2p n(n + 1) 

X + P  
a,= -- 

b,= - 2  

B 

c, = 0 c, = 0 

d , =  
x + 2p 

d, = 0 

. a, = 47rGp 

b, = 0 

c,= -4 

d,= 0 

4 
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Thus, if a - d is not a positive integer, 

BLZ) = 0 

Af) = 0 (27) 

while, if a - d is a positive integer N, 
B p  = o  
A P ) = O  forkfN (28) 

and A($) is arbitrary. 

Thus, the root T,  = d gives the solution 

y, = [bBP'/(d - a)] Xd 

2, = B y  Xd (29) 
when a - d is not a positive integer, and gives the solution 

2, = B y )  xd (30) 

y, = A(;) X d + N  - (bB?) /k )  Xd 

if a - d is a positive integer N. 

Since the system of Eqs. 9 is linear, its general solution 

Y = C l Y l  + CZY, 

z = c,z, + c,z, 

is given by 

(31) 
where c, and c, are arbitrary constants. 

Thus, if Id - a1 is not an integer, the solution to the 
system of Eqs. 9 is given by 

y = c,AAl)x" + C, [bBAn)/(d - a)] xd 

z = C,Bg'Xd (32) 
which, since A:) # 0, BF) # 0, and c, and c, are arbitrary 
constants, agrees with the general solution given by 
Eqs. 11. 

If d - a is a positive integer M, the solution to the 
system of Eqs. 9 is given by 

y = c, [A p)x" + ( b B $ ) / M ) e + " ]  + c, ( b B i 2 ) / M )  xu+" 

2 = c113px"+x + c, l ? y x " + x  (33) 

or 

y = (c, AP))  e + (b/M) (c ,Bg)  + c, BA2)) 

z = (c,  B S )  + c,BAZ)) xa+Y (34) 

which, since A:,) # 0, B F )  # 0, B E )  is arbitrary, c1 and C, 
are arbitrary, and M = d - a, also agrees with the gen- 
eral solution (Eqs. 11). 

If a - d is a positive integer N, the solution to the 
system of Eqs. 9 is given by 

y = C, A(:) xa + C, [A?) x ~ + ~  - (bB?)/N) xdl 

(35) z = c B ( 2 )  Xd 
2 0  

or 

which, since AA1)#O, BAz) Z O ,  A:) is arbitrary, c, and c, 
arbitrary, N = a - d, also agrees with the general solu- 
tion (Eqs. 11). 

Since all possibilities lead to solutions which can be 
written in the form of the general solution as expressed 
by Eqs. 11, the Frobenius Series approach has been 
shown to lead to the general solution of the system of 
Eqs. 9. 

3 
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e,=2+- n(n+ 1) A + 2p 
e, = 8rGp 

f 3  = 0 
(4/3) T G ~ ~ U ~  

f z =  
&pa2 + (4/3) irGp2u2 

A + 2p 
# = -  

g2 = - A + 2 p  n(n+ 1) 
tL 

g, = -47rGpn (n + 1) 

h, = 0 

i 3 = n 2 + n - 2  

is = 0 

(4/3) T G ~ ~ U ~ ~ I  (n + 1) 
A + 28 h, = 

i, = 0 

j z =  -- pa2 
P 

paz il= -- 
A + 2p 

{[(n + k + l)(n + k - 2)] A 

+ [2(n + k)(n + k - 1) - n(n + 1) - 41 p }  Af) 
- {[(n + k - 2) A + (n + k - 4)p] n(n + 1)) BL1) 

= - [(4/3) aGp'~' + uZpa2] A") k - 2  

+ (4/3) xGp'~% (n + 1) B&y2 - paz (n + k - 2) CP!, 

(51) 

where A, p, p, U, a, G are constants and n is a positive 
integer. The equation corresponding to Eq. 43 can be 
factored into 

(r - n + 1)2(r + n + 2)"(r - n - l ) ( r  + n) = 0 
(4-4 

giving the roots {(n+k+1)A+(n+k+3)p}Ak1) 
- { [n (n + l)] A + [n (n + 1) - (k - 1) (2n + k)] p}  &') 
= (4/3) rGp2u2 - pda2 BP!z - pa2 Cr2, (52) 

r,= r, = n - 1, r3 = r, = -n - 2, r5 = n + 1, r6 = -n 
(45) 

while Cp) is given by The original problem included among its boundary 
conditions the requirement that the variable y,, y,, and y3 
be regular at the origin. The roots r3, r4, and are thus 
eliminated from further consideration. 

cp = 4zGp [(n + k + 1) AF) - (n' + n) Bf')] 
(53) k(2n + k + 1) 

The determinant of the coefficient matrix on the left side 
of Eqs. 51 and 52 is 

k (2n + k + 1) (2n + k - 1) (k - 2) p (A + 2p) (54) 
Therefore, the system can be solved for AP) and BPI 
as long as k > 2. 

The roots rl and r, give for the coefficients the relations 

It is seen that, for odd k, all Ak), B p )  , and Cp) vanish 
while, for even k, all AL1) , Bfl) , Cfl) can be expressed 
as linear functions of B\l), Cgl), and 234,). 

One solution of the original system of differential 
equations is then given, assuming convergence, by 

(49) 

4xGp [(n + 3) A(21) - (nz + n) Bil)] 
q 1 )  = 

2(2n + 3) (50) 
m 

(55) 

and, for k = 3,4, . . . , Ail) and B p )  are determined 
from the simultaneous equations 

5 
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The root r, = n + 1 gives the following: 

Bh5) # 0 

&Gp [ (n + 3) Ab5) - (n2 + n) BA5)] C65’ = 
2(2n + 3) 

Defining 

then the solutions for r, can be written 

By renaming the coefficients AF), B P ) ,  Cp) as 
G$?j2, mg!z, C?f22, respectively, the solution for r, can 
be written 

and the recursion formulas relating @i5),  @l5), eb? to 
GIi?,, mp-),, ( k  = 3,4, . . . ) are identical to those 

6 

relating ALl), Bil), Cgl) to A$t’,, Bi?)z, CC,?,. It is seen, 
then, that for odd k,, all @g), mi5), &?i5) vanish, while for 
even k, all GIi5), mi5), e?) are expressible as linear func- 
tions of B$5)’, and ai5). It is important to note that 
these linear functions are identical with those by which 
A$), BC,), Cil) are expressible in terms of B e ) ,  Ch’), and 
Bil). 

Since the system of differential equations is linear, it 
is also satisfied by 

yi = c1 y‘i“ + c5 y p  i = 1,2,3 

where c1 and c5 are arbitrary constants. 

is arbitrary. Further, defining 

(67) 

it is seen that the system of differential equations is sat- 
isfied by 



are arbitrary, 

~ B o  = G o  (77) 
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! [(4/3) -rrGp'a2n - u'pa'] Bo - pa'@, 

[ (n + 3) A + (n + 5) PI + 

[(n* + n)A + (n' - n - 2 ) p ] a *  
la' = [(n + 3) X + (n + 5)  p ]  

(79) 

and, for k = 3,4, * . . , the recursion formulas for a k  

and @ k  in terms of a k - 2 ,  a k - 2 ,  @ k - 2  are the same as 
those given in Eqs. 51 and 52 relating Ail). B e )  to 
A p z ,  B p 2 ,  CeJ2 while the formula for @k, paralleling 
Eq. 53, is simply 

Thus, for all odd k, a k  = = @k = 0, while for all even 
k, @k, a k ,  and @k are expressible as linear functions of 
a0, eo, and a2, which are now arbitrary independent 
constants. 

It can be shown that the roots r3, r,, and r, bring in an 
additional set of three arbitrary independent constants 
which must be set equal to zero in order to satisfy the 
requirement of regularity at the origin. Thus, the solution 
described above is the complete solution to the problem. 

IV. CONCLUDING REMARKS 

The equations discussed in Section I11 arose in connec- 
tion with the study of the free oscillations of a gravitating 
solid sphere. Should the Moon have a solid core and 
should the free modes of oscillation of the Moon be 
excited, then, if recorded by seismic instruments, com- 
parison of the recorded modes with the calculated modes 
would provide information regarding the internal struc- 
ture of the Moon. However, omission of some of the 
theoretically calculated modes could make it difficult to 
obtain a valid comparison between recorded and calcu- 

lated results. Therefore, it is important that a complete 
solution of the differential equations be obtained. 

To obtain a complete solution with the Frobenius Series 
method, it is necessary that the solution, before imposi- 
tion of boundary conditions, contain as many arbitrary 
independent constants as the order of the linear system. 

This requirement is fulfilled in both the elementary 
example and in the application in Section 111. 
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